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Abstract. A proof of Smale's conjecture from 1981 is given.
In [3] S. Smale conjectured:
Let p ∈ C [z] be a polynomial of degree n > 1 with p(0) = 0 and p ′ (0) = 0. Then
Here a proof will be given by a variational method which already has been used to prove Sendov's conjecture (s. [2] ). Let n > 1 be fixed and define F n as the class of nth degree monic complex polynomials p with p(0) = 0, p ′ (0) = 0 and p(ζ) = 0 for all derivative zeros ζ of p. Obviously it suffices to consider polynomials p ∈ F n in order to give a proof of Smale's conjecture. For such p we define ρ(p) := min p(ζ) ζp ′ (0) : p ′ (ζ) = 0 .
The zero ζ 0 of p ′ is essential if
Note that a polynomial may have more than one essential derivative zeros. We call p ∈ F n simple if p ′′ (ζ) = 0 for at least one essential derivative zero ζ of p. A polynomial p 0 ∈ F n is maximal if ρ(p) ≤ ρ(p 0 ) for all p ∈ F n . Below we will also determine the maximal polynomials in F n .
The basic idea
For h = (h 2 , . . . , h n ) ∈ C n−1 , t ∈ R and j = 2, . . . , n we define
a set of conformal automorphisms of the unit disk if t is small enough.
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We vary p ∈ F n , p(z) = z n j=2 (z − z j ) into the polynomial q(z, t; h) in F n which vanishes beside 0 in the points z j (t) := ϕ j (z j ), i.e.
We assume that ζ is a zero of p ′ , but not a zero of p ′′ . The Implicit Function Theorem (cf. [1] ) shows the existence of an analytic curve ζ(t) with ζ(0) = ζ and dq dz (ζ(t), t) ≡ 0. Considering the logarithmic derivative of q with respect to z we obtain 1
Differentiating this equation with respect to t and setting t = 0 we see
An elementary calculation shows
So we get
It comes out (q ′ denotes the derivative of q with respect to z)
For t = 0 this reduces to
We have to ask if
or not for small t, where ζ is an essential derivative zero of p. Let
We call a polynomial p ∈ F n locally maximal with respect to the essential derivative zero ζ if f (t, ζ, h) has a local maximum in t = 0 for all h ∈ C n−1 . Note that a maximal polynomial in F n is locally maximal with respect to all its essential derivative zeros. If f ′ (0) = 0 then p will be not locally maximal. We obtain
With the abbreviation
we have g ′ (0) = g(0)φ and therefore f ′ (0) = 0 if and only if
The first factor cannot vanish because
We summarize our criterion for local maximality.
Theorem 1. Let p ∈ F n be simple and z 2 , . . . , z n be its zeros beside 0.
If there exist h 2 , . . . , h n ∈ C with
for some simple essential derivative zero ζ, then p is not locally maximal and thus not maximal. On the other hand, if p is maximal then
for all h = (h 2 , . . . , h n ) ∈ C n−1 and all essential critical points ζ of p with p ′ (ζ) = 0.
Simple Polynomials
Let the notations be as above and assume that p is a simple maximal polynomial in F n . We have
From this equation and from (2) we see after a short calculation that condition (4) can be written as
Then (5) is fulfilled if and only if
for all h ∈ C n−1 and all essential derivative zeros ζ of the simple polynomial p. But this can be only true if
additionally for all j = 2, . . . , n. There are two possibilities to fulfill (7):
One may ask, why the unit circle plays such a special role. The reason is that we took unit disk automorphisms for our variation. We let some essential derivative zero ζ be fixed and discuss the first case. Note that c j (ζ) = 0 gives a linear equation for z j and so (p(ζ) = 0) it has a unique solution z j = 0. We assume that |z j | = 1. Now we need the following Lemma 1. If p ∈ F n is simple and maximal then the polynomials p r (z) := r n p(z/r) are simple and maximal for all r > 0.
Proof: This is an immediate consequence from the definition of maximal polynomials.
We apply this Lemma with r = |z j | and restart with the polynomial p r instead of p. If there has been some j ∈ {2, . . . , n} with c j (ζ) = 0 and therefore |z j | = 1 then the according zero rz j of p r has modulus r = 1. But this requires that the associated number c r,j (rζ) is zero. But it can be easily seen that these numbers transform by the factor 1/r. So this is impossible. We conclude that either (with respect to our original polynomial p) c j (ζ) = 0 for all j = 2, . . . , n or all z j have modulus 1. But the equation system c j (ζ) = 0 for all j leads to a polynomial which is not in F n and so it remains only the case |z j | = 1 for all j. We cite the following result of Tischler ([4] , Proposition 2.3) Theorem 2. Let p ∈ F n and assume that all zeros z j = 0 of p have the same modulus. Then ρ(p) ≤ n−1 n and equality holds if and only if p(z) = a 1 z + a n z n , where a 1 a n = 0.
Using this result we have proved:
Theorem 3. The only simple maximal polynomials in F n are the binomials p(z) = a 1 z + a n z n , where a 1 a n = 0.
It remains to proof that there do not exist non simple maximal polynomials.
Polynomials with multiple derivate zeros
In this section we study the situation of multiple zeros of p ′ which are assumed to be essential critical points of p ∈ F n . Let ζ k (k = 1, . . . , r) be all these zeros of p ′ and σ k their order. Then, for small t > 0, there are distinct curves ζ kℓ (t) with ∂q(z, t) ∂z (ζ kℓ , t) = 0 and lim
Taking the logarithmic derivative of q(z, t) with respect to z we obtain
The derivative with respect t leads to
By formula (1) applied to q(z, t) instead of p(z) this can also be written as (q
for ℓ = 1, . . . , σ k . A problem which we have to bypass is that′′ (ζ kℓ (t), t) in this situation will tend to ∞ and so will do ζ ′ kℓ (t) for t → 0. For this aim a more careful study of these curves is necessary. The derivative of q(z, t) with respect to z can be written as
We will determine in greater detail the number
we can transform this term as follows:
We obtain that d k can be 0 only for a thin (i.e. empty interior) and closed set H 0 ⊂ C n−1 of parameters (h 2 , . . . , h n ) . If we prearrange to avoid this set a continuity argument shows that
with d k (z) = 0 for all z sufficiently close to ζ k . Recall that σ k stands for the order of the zero ζ k of p ′ . So we have
The curves ζ kℓ are equivalent (in the sense of approximating behaviour of the tangent for t → 0) to those given by the equation
The resulting curves z = z kℓ (t) of this equation are
We define
The integral exists: if we approximate′′ by (using the fact that
uniformly on compact sets for t → 0)
and ζ kℓ (t) according (10) by
we see that it is of the type indicates the derivative with respect to t, while q ′′ stands for the second derivative of q with respect to z;
2 .
An elementary calculation shows that
and this gives
Proof of Smale's conjecture
Let p ∈ F n be a non simple polynomial and ζ 1 , . . . , ζ r be its essential critical point. As before we denote the order of ζ k as a zero of p ′ by σ k . We consider the function f (t, h) from section 1 in the new parameter s and according to the curves ζ kℓ (ψ(s)) instead of ζ(t). Again let (compare (3)) g(s) = Then it holds g ′ (s) = g(s) · φ(s).
